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\S 1
$(M, g),$ $(N, h)$ $m$ $n$
Riemann $C^{\infty}$ $u$ : $(M, g)arrow(N, h)$
$u$ $E$ :
$E(u):=\int_{M}|du|^{2}d\mu_{g}$ .
$|du|$ $u$ $du:TMarrow TN$ Hilbert-Schmidt $d\mu_{g}$





$\epsilon>0$ $u$ : $(M, g)arrow(N, h)$
$E_{\epsilon}(u):=\int_{M}\frac{e^{\epsilon|du|^{2}}-1}{\epsilon}d\mu_{g}$
$E_{\epsilon}$ $C^{\infty}$ $u$ : $(M, g)arrow$
$(N, h)$ $\epsilon$ $\epsilonarrow 0$ $E_{\epsilon}arrow E$ $\epsilon$
$\{u_{\epsilon}\}_{\epsilon>0}$ $(M, g)$ $(N, h)$
A. $(M, g),$ $(N, h)$ Riemann $(N, h)$
E$\epsilon$-
$(M, g)$ $(N, h)$ $\epsilon$
$\{u_{\epsilon}$ : $(M,$ $g)arrow(N,$ $h)$ ; $\epsilon$- $E$ $(u_{\epsilon})\leq E_{0}\}_{\epsilon>0}$
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$u$ : $(M, g)arrow(N, h)$ $\{\epsilon(k)\}_{k=1}^{\infty}arrow 0$
$(karrow\infty)$ $\{u_{\epsilon(k)}\}_{k=1}^{\infty}$ $u$ :
$u_{\epsilon(k)}arrow u(karrow\infty)$ in $C^{\infty}(M, N)$ .
$(M, g)$ $(N, h)$
$\epsilon$- $(\epsilon>0)$
A Eells-Sampson
(Eells-Sampson [4]). $(N, h)$
A $(N, h)$ 2
2 $\pm 1$
$M$ 2 $\{u_{\epsilon}\}_{\epsilon>0}$
B. $(M, g)$ $(N, h)$
Riemann E$\epsilon$- $(M, g)$
$(N, h)$ $\epsilon$-
$\{u_{\epsilon}$ : $(M,$ $g)arrow(N,$ $h)$ ; $\epsilon$- $E$ $(u_{\epsilon})\leq E_{0}\}_{\epsilon>0}$
$u$ : $(M, g)arrow(N, h)$ $\{p_{1}, \ldots,p_{l}\}\subseteq M$
$\{\epsilon(k)\}_{k=1}^{\infty}arrow 0(karrow\infty)$ $\{u_{\epsilon(k)}\}_{k=1}^{\infty}$ $u$
$\{p_{1}, \ldots,p_{l}\}$ :
$u_{\epsilon(k)}arrow u(karrow\infty)$ in $C_{1oc}^{\infty}(M\backslash \{p_{1}, \ldots,p_{l}\}, N)$ .
\S 2
$C^{\infty}$
$u$ : $(M, g)arrow(N, h)$ $u$
$E(u):=\int_{M}e^{|du|^{2}}d\mu_{g}$
$u$ : $(M, g)arrow(N, h)$ Euler-Lagrange :
(2.1) $div_{g}(e^{|du|^{2}}du)=e^{|du|^{2}}\{\tau(u)+\langle\nabla|du|^{2}, du\rangle\}=0$.
$\tau(u)=div_{g}(du)$ $u$ $\langle\cdot,$ $\cdot\rangle$ $F$ $g$
$E$ $(M, g)$ $(N, h)$
$\sim$
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$\sim$ Euler-Lagrange (2. 1)
$\sim$ $C^{\infty}$ Duc-Eells [2] Lieberman [5] $N=\mathbb{R}$
( ) Naito [6] $N=\mathbb{R}^{n}$ (
) Duc [1] $E$-
:




1. $B_{r}=B_{r}(x)\subseteq M$ $x\in M$ $r>0$
$u$ : $(M, g)arrow(N, h)$ :
$\sup_{B_{1/2}}|du|^{2}\leq C_{0}\int_{B_{1}}(e^{|du|^{2}}-1)d\mu_{g}$ .
$C_{0}>0$ $m=\dim M,$ $(M, g)$ Ricci $Ric^{M},$ $(N, h)$ $R^{N}$ ,
$E_{1}(u;B_{1})$ 1 $B_{1}$ $Vo1_{g}(B_{1})$ $(N, h)$
$C_{0}$ $R^{N}$
[7] ( )
$J$ . Nash $\iota$ : $(N, h)arrow \mathbb{R}^{d}$
$u$ : $Marrow N$ $\iota ou$ : $Marrow\iota(N)\subseteq \mathbb{R}^{d}$
$\nabla u=\nabla(\iota ou)$
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Euler-Lagrange $\varphi\in C_{0}^{\infty}(B_{r}, \mathbb{R}^{d})$
(3.1) $0= \sum_{A=1}^{d}\int_{B_{r}}\nabla_{i}u^{A}\nabla^{i}\varphi^{A}e^{|\nabla u|^{2}}d\mu_{g}+\sum_{A=1}^{d}\int_{B_{r}}\nabla d\Pi^{A}(u)(\nabla^{i}u, \nabla_{i}u)\varphi^{A}e^{|\nabla u|^{2}}d\mu_{g}$




$\eta$ : $B_{r}arrow \mathbb{R}$






$0= \sum_{A=1}^{d}\int_{B_{r}}(\nabla^{k}\nabla_{i}u^{A}+\nabla_{i}u^{A}\nabla^{k}|\nabla u|^{2})\nabla^{i}(\eta^{2}\nabla_{k}u^{A})e^{|\nabla u|^{2}}d\mu_{g}$
$+ \int_{B_{r}}\sum_{i,j=1}^{m}\langle du(Ric^{M}(e_{i}, e_{j})e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$- \sum_{A=1}^{d}\int_{B_{r}}\nabla d\Pi^{A}(u)(\nabla^{i}u, \nabla_{i}u)\nabla^{k}(\eta^{2}\nabla_{k}u^{A})e^{|\nabla u|^{2}}d\mu_{g}$
$= \sum_{A=1}^{d}\int_{B_{r}}(\nabla^{k}\nabla_{i}u^{A}+\nabla_{i}u^{A}\nabla^{k}|\nabla u|^{2})\nabla^{i}\nabla_{k}u^{A}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$+2 \sum_{A=1}^{d}\int_{B_{r}}(\nabla^{k}\nabla_{i}u^{A}+\nabla_{i}u^{A}\nabla^{k}|\nabla u|^{2})\nabla_{k}u^{A}e^{|\nabla u|^{2}}\eta\nabla^{i}\eta d\mu_{g}$
$+ \int_{B_{r}}\sum_{i,j=1}^{m}\langle du(Ric^{M}(e_{i}, e_{j})e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$- \sum_{A=1}^{d}\int_{B_{r}}\nabla d\Pi^{A}(u)(\nabla^{i}u, \nabla_{i}u)\nabla^{k}(\eta^{2}\nabla_{k}u^{A})e^{|\nabla u|^{2}}d\mu_{g}$
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$\{e_{i}\}_{i=1}^{m}$ $(M, g)$ $\nabla d\Pi(u)(\nabla^{i}u, \nabla_{i}u)$ $u=\iota\circ u$
$g$ $\Delta_{g}u$ $N$
$- \int_{B_{r}}|\nabla d\Pi(u)(\nabla^{i}u, \nabla_{i}u)|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
Leibniz Gauss
$|\nabla\nabla(\iota\circ u)|^{2}-|\nabla d\Pi(u)(\nabla^{i}u, \nabla_{i}u)|^{2}$
$=|\nabla du|^{2}+\langle\nabla d\Pi(u)(\nabla^{i}u, \nabla^{j}u),$ $\nabla d\Pi(u)(\nabla_{i}u, \nabla_{j}u)\rangle-|\nabla d\Pi(u)(\nabla^{i}u, \nabla_{i}u)|^{2}$
$=| \nabla du|^{2}-\sum_{i,j=1}^{m}\langle R^{N}(du(e_{i}), du(e_{j}))du(e_{j}),$ $du(e_{i})\rangle$
$0= \int_{B_{r}}|\nabla du|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}+\frac{1}{2}\int_{B,}|\nabla|\nabla u|^{2}|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$+ \int_{B_{r}}\{\langle\nabla|\nabla u|^{2},$ $\nabla\eta\rangle+2\sum_{A=1}^{d}\langle\nabla|\nabla u|^{2},$ $\nabla u^{A}\rangle\langle\nabla u^{A},$ $\nabla\eta\rangle$ $e^{|\nabla u|^{2}}\eta d\mu_{g}$
$+ \int_{B_{r}}\sum_{i,j=1}^{m}\langle du(Ric^{M}(e_{i}, e_{j})e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$- \int_{B}.\sum_{i,j=1}^{m}\langle R^{N}(du(e_{i}), du(e_{j}))du(e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\delta>0$ $x\geq 0$ $xe^{x}\leq\delta^{-1}e^{(1+\delta)x}$
3,4 5
$\int_{B_{r}}\{\langle\nabla|\nabla u|^{2},$ $\nabla\eta\rangle+2\sum_{A=1}^{d}\langle\nabla|\nabla u|^{2},$ $\nabla u^{A}\rangle\langle\nabla u^{A},$ $\nabla\eta\rangle\}e^{|\nabla u|^{2}}\eta d\mu_{g}$
$\leq C(m)\int_{B_{r}}|\nabla|\nabla u|^{2}|(1+|\nabla u|^{2})e^{|\nabla u|^{2}}|\nabla\eta|\eta d\mu_{g}$
$\leq\frac{C(m)}{\delta}\int_{B_{r}}|\nabla|\nabla u|^{2}|e^{(1+\delta)|\nabla u|^{2}}|\nabla\eta|\eta d\mu_{g}$ ,
$\int_{B_{r}}\sum_{i,j=1}^{m}\langle du(Ric^{M}(e_{i}, e_{j})e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\leq\Vert Ric^{M}\Vert_{L^{\infty}}\int_{B_{r}}|\nabla u|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\leq\frac{1}{\delta}\Vert Ric^{M}\Vert_{L^{\infty}}\int_{B_{r}}e^{(1+\delta)|\nabla u|^{2}}\eta^{2}d\mu_{g}$ ,
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$\int_{B_{r}}\sum_{i,j=1}^{m}\langle R^{N}(du(e_{i}), du(e_{j}))du(e_{j}),$ $du(e_{i})\rangle e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\leq\Vert R^{N}\Vert_{L^{\infty}}\int_{B_{r}}|\nabla u|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\leq\frac{1}{\delta}\Vert R^{N}\Vert_{L^{\infty}}\int_{B_{r}}e^{(1+\delta)|\nabla u|^{2}}\eta^{2}d\mu_{g}$
( $R^{N}$ $(N, h)$ $0$
),
$\frac{1}{2}\int_{B_{r}}|\nabla|\nabla u|^{2}|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}$
$\leq C(m, \delta)(\int_{B_{r}}|\nabla|\nabla u|^{2}|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g})^{1/2}(\int_{B_{r}}e^{(1+2\delta)|\nabla u|^{2}}|\nabla\eta|^{2}d\mu_{g})^{1/2}$
$+C( Ric^{M}, R^{N}, \delta)\int_{B_{r}}e^{(1+_{\backslash }\delta)|\nabla u|^{2}}\backslash \eta^{2}d\mu_{g}$
1
$\int_{B_{r}}|\nabla|\nabla u|^{2}|^{2}e^{|\nabla u|^{2}}\eta^{2}d\mu_{g}=4\int_{B_{r}}|\nabla(e^{\frac{1}{2}|\nabla u|^{2}})|^{2}\eta^{2}d\mu_{g}$
Sobolev
$( \int_{B_{r/2}}e^{\frac{m}{m-2}|\nabla u|^{2}}d\mu_{g})^{\frac{m-2}{m}}\leq C_{1}\int_{B_{r}}|\nabla(e^{\frac{1}{2}|\nabla u|^{2}}\eta)|^{2}d\mu_{g}\leq\frac{C_{1}C_{2}}{r^{2}}\int_{B_{r}}e^{(1+\delta)|\nabla u|^{2}}d\mu_{g}$
$C_{1}>0$ Sobolev $(M, g)$ $C_{2}>0$










\S 4 A $B$
A B
( 1) 2
A $B$ $u_{\epsilon}$ $C^{\infty}$-
$u_{\epsilon}$
$C^{0}$
[1, Section 3] $C^{\alpha}-$ $\Vert\nabla u_{\epsilon}\Vert_{C^{\alpha}}$
$\Vert\nabla u_{\epsilon}\Vert_{C^{0}}$
2. $u$ : $Marrow N$ $\epsilon>0$
(1) $u$ : $(M, g)arrow(N, h)$ $\epsilon$ ;
(2) $u$ : $(M, g)arrow(N, h_{\epsilon})$ 1 $h_{\epsilon}:=\epsilon h$ ;
(3) $u$ : $(M, g_{\epsilon})arrow(N, h)$ 1- $g_{\epsilon}:=\epsilon^{-1}g$ .
[ A ] $h_{\epsilon}=\epsilon h$ $u_{\epsilon}$ 1
$u_{\epsilon}$ : $(M, g)arrow(N, h_{\epsilon})$ ( 2). 1
$\sup_{M}|\nabla u_{\epsilon}|_{h_{\epsilon}}^{2}\leq C_{\epsilon}\int_{M}(e^{|\nabla u_{\epsilon}|_{h}^{2}}\in-1)d\mu_{g}$
$C_{\epsilon}>0$ $m,$ $Ric^{M},$
$E_{1}^{h_{\epsilon}}(u_{\epsilon})$ $Vo1_{g}(B_{1})$ $(N, h)$
$R^{(N,h_{\epsilon})}$
$|\nabla u_{\epsilon}|_{h_{\epsilon}}^{2}=\epsilon|\nabla u$ $|_{h}^{2}$
$E_{1}^{h}$‘ $(u_{\epsilon})= \int_{M}(e^{\epsilon|\nabla u_{e}|_{h}^{2}}-1)d\mu_{g}\leq E_{0}$
$C_{0}>0$
$\sup_{M}\epsilon|\nabla u_{\epsilon}|_{h}^{2}\leq C_{0}\int_{M}(e^{\epsilon|\nabla u_{\epsilon}|_{h}^{2}}-1)d\mu_{g}$
$\epsilon$
$u_{\epsilon}$ : $(M, g)arrow(N, h)$





$g_{\epsilon}=\epsilon^{-1}g$ 1 $x\in M$
$| \nabla u_{\epsilon}(x)|_{g_{\epsilon}}^{2}\leq\sup_{B_{1/2}^{g_{\xi}}(x)}|\nabla u_{\epsilon}|_{g_{\epsilon}}^{2}\leq C_{\epsilon}\int_{B_{1}^{9\epsilon}(x)}(e^{|\nabla u_{\epsilon}|_{g\in-}^{2}}1)d\mu_{g_{\epsilon}}$
$C_{\epsilon}>0$
$m=\dim M$ , $Ric^{(M,g_{\epsilon})}$ , $R^{(N,h)}$ , $E_{1}^{g_{\epsilon}}(u_{\epsilon};B_{1}^{g_{\epsilon}}(x))$ $Vo1_{g_{\epsilon}}(B_{1}^{g_{\epsilon}}(x))$
$Ric^{(M,g_{\mathcal{E}})}$
$d\mu_{g_{\epsilon}}=\epsilon^{-m/2}d\mu_{g}$
$|\nabla u_{\epsilon}|_{g_{\epsilon}}^{2}=\epsilon|\nabla u_{\epsilon}|_{g}^{2}$ $B_{1}^{g_{\epsilon}}(x)=B_{\sqrt{\epsilon}}^{g}(x)$
$E_{1}^{g_{\epsilon}}(u_{\epsilon};B_{1}^{g_{\epsilon}}(x))=\int_{B_{1}^{g\in}(x)}(e^{|\nabla u_{\epsilon}|_{9\epsilon}^{2}}-1)d\mu_{g_{\epsilon}}=\int_{B_{\sqrt{\epsilon}}^{g}(x)}\frac{e^{\epsilon|\nabla u_{\epsilon}|_{g}^{2}}-1}{\epsilon^{m/2}}d\mu_{g}$
$m=\dim M=2$
[ $B$ ] $\dim M=2$ $C_{0}>0$
$\epsilon|\nabla u_{\epsilon}(x)|^{2}\leq C_{0}\int_{B_{\sqrt{\epsilon}}(x)}\frac{e^{\epsilon|\nabla u_{\epsilon}|^{2}}-1}{\epsilon}d\mu_{g}$







, $B_{\sqrt{\epsilon}}(p_{\epsilon;i})\cap B_{\sqrt{\epsilon}}(p_{\epsilon;j})=\emptyset(i\neq j)$
$i\in I_{\epsilon}$
$\delta_{0}\leq\epsilon|\nabla u_{\epsilon}(p_{\epsilon;i})|^{2}\leq C_{0}\int_{B_{\sqrt{\epsilon}}(p_{\epsilon;i})}\frac{e^{\epsilon|\nabla u_{\epsilon}|^{2}}-1}{\epsilon}d\mu_{g}$
$i\in I_{\epsilon}$
$\delta_{0}\cdot\# I_{\epsilon}\leq C_{0}\sum_{i\in I_{\epsilon}}\int_{B_{\sqrt{\epsilon}}(p_{\epsilon;i})}\frac{e^{\epsilon|\nabla u_{\epsilon}|^{2}}-1}{\epsilon}d\mu_{g}=C_{0}\int_{\bigcup_{i\in I_{\epsilon}}B_{\sqrt{\epsilon}}(p_{\epsilon;i})}\frac{e^{\epsilon|\nabla u_{\epsilon}|^{2}}-1}{\epsilon}d\mu_{g}$
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$p_{\epsilon;i}$ $p_{i}\in M$ $\epsilonarrow 0$
$(1\leq i\leq k)$ $\mathcal{B}_{0}:=\{p_{i}\}_{i=1}^{k}\subseteq M$
$\forall K\subseteq M\backslash \mathcal{B}_{0}$ : $\exists\epsilon 0>0$ s.t. $\sup_{K}\epsilon|\nabla u_{\epsilon}|^{2}\leq\delta_{0}(\forall\epsilon<\epsilon_{0})$
$u_{\epsilon}$
(4.1) $\triangle_{g}u$ $+\epsilon\langle\nabla|\nabla u_{\epsilon}|^{2},$ $\nabla u_{\epsilon}\rangle-\nabla d\Pi(u_{\epsilon})(\nabla^{i}u_{\epsilon}, \nabla_{i}u_{\epsilon})=0$
2 $\mathcal{B}_{0}$




$u$ : $(M, g)arrow(N, h)$ $\mathcal{B}_{1}=\{q_{1}, \ldots, q_{l}\}\subseteq M\backslash \mathcal{B}_{0}$
$\{\epsilon(k)\}_{k=1}^{\infty}arrow 0(karrow\infty)$
$u_{\epsilon(k)}arrow u(karrow\infty)$ in $C_{1oc}^{\infty}(M\backslash (\mathcal{B}_{0}\cup \mathcal{B}_{1}), N)$
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